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On the mean values of an entire function in several
complex variables represented by multiple Dirichlet
series
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Abstract

This paper intends to study the properties of mean values of an Entire Function Represented by
Multiple Dirichlet Series. Concepts of mean values of an entire function represented by Dirichlet series
in one complex variable are extended to an entire function of several complex variables represented by
Multiple Dirichlet Series.
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Introduction

The properties of mean values of an entire function represented by Dirichlet series in one
complex variable have been studied by various authors to a considerable extent.

Our purpose here is to extend these concepts of mean values of an entire function represented
by Dirichlet series in one complex variable to an entire function of several complex variables
represented by Multiple Dirichlet Series. where for the sake of simplicity, case of two
variables is considered instead of several variables.

Let us consider

LY f(sp5) = o

mn=1 Amn €Xp(s14y, + Solly) ((sj =0+ itj),j =1,2)
where a,, ,, € C, the field of complex numbers, A;,s, uys are real, and

0< A <Ay < oAy = o0

0 <y <pp <-ov <y = 00

A.l. Janusauskas in his paper (Janusauskas 1977) has shown that if

(1.2) lim 2™ = 0, lim

m—oo Am n—oo HUn

logn

=0,

then the domain of convergence of the series (1.1) coincides with its domain of absolute
convergence.

The necessary and sufficient condition that the series (1.1) satisfying (1.2) to be entire shown
by Sarkar [2, pp.99] is that

, log|lamn|
13) 1 —= =
( ) (m,rll‘grioo Amtin 00

Throughout F stands for all double Dirichlet series of the form (1.1) satisfying (1.2) and (1.3)
Then f € F denotes an entire function over €2, the cartisian product of two copies of the
complex plane. The results can be extended to several complex variables.
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Sarkar [1, pp100] has defined that Corresponding to an f€ F, the maximum modulus M =M¢and the maximum term u = ur on
R?are defined as

M(o) = Mf(0'1'0'2) = max{|f(sy,52)|:51,5; € C,Res; = gy,Res, = 05}

H(O-) = .uf(o-l’o'z) = max {|am,n|eXp(0'1}-m+0'2#n)}
(mn)eNz

where N is the set of natural numbers.

We define the mean values of |f (s, s,)| is defined as

, 1 T T, : .
(14) 12(0'1,0'2;f) =L (0y,0;) = r lim J ;1 S 72~2 If (o1 + ity, 07 + ity)|?dt, dt,

112> 4T Ty V'~ -
And mean value m; . (0y, 05) of |f (s, 52)| as

(1.5) myk (01,0 f) = mz,k(ab 03)
1 oy poy rT1 T2 - k
T S , . X1 KXy
Tlll;:r—lwo T,T,eko1ekoz L fo f_Tl _T2{|f(x1 +ity, x; + jtp) e e 2 dx, dx, dty dt,

where K is any positive number.
From (1.4) and (1.5), we can write

4 o
(1.6) my (01, 05) = Wfo ! foaz L(xy, x,)e* 1e**2dx; dx,

2. Theorem 1: For the Dirichlet series f(sq, s,), f € F, I,(04, 05) is an increasing function of o, and o,.
Proof: We have

|f(slt SZ)|2 = f(51'52)f(51'52)

*© 2
= E |amn|” exp{2(o1am + o51,)}
min=1

+Z " ZMN Amn@u,y €Xp{oy (Am + Ay) + 02 (e + py) + ity (A — Apg) + it (U — iy}
m#

Since both the series on the right are absolutely convergent, the resulting series is uniformly convergent for any finite t; and t;
range, therefore we may integrate term by term for finite t; and t,. Hence on integration all the terms for which m= M,
n=+ N, vanish as T;, T, — oo and we obtain

@ 2
COLELe) =) |apa| expl2(eidn + oot}
mn=

It is clear from the value of I,(g;,0,) that it is an increasing function of o, for a fixed value of g, and vice versa. Hence
I,(04,0,) is an increasing function of both g; and .

Corollary 1: For the Dirichlet series f(sq,s;), fe F,
{w(o1, 0,)¥ < I, (01, 05) < {M(ay,0,)¥
This follows from the definitions of M(a, 03), (a4, g;) and (2.1).

3. Theorem 2: For the Dirichlet series f (s, s,), f € F, my (04, 0,) is an increasing function of o; and o,.
Proof: We have from (1.6)

4 01 (o
my (01, 0,) = mfo Jo 1o Cxy, x5)e" e ¥2dxy dx,
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Using (2.1), we obtain

o1 02 ©
4 2
mo,0) = sz | [ 1D amal” exp2@i + o)) e¥tetad, dx;)
0 0 mn=1

(o)

4 § 2 oy 02 (2 + k)x1 (2

- Un+k)x

= ko1gkoz |am,n| fo fo eGAm*t )1 o Zinth)xz gy i,
mne

_ 4 o [|am'n|2 (e@ln+ k)o1_1) (¢Cin+k)oz_1)
eko1gkoy Zmn=1 (2Am+K) (2pn+k)

|am'n|2 (ezamgl—e_kgl) (eZ#nﬂz_e—kﬂz)

(3.1) mz,k(Up 0;) = 4Zm,n=1 At 2 +6)

Thus m,,(0y,0,) that it is an increasing function of o, for a fixed value of o, and vice versa. Hence m, (g, 0,) is an
increasing function of both o; and o,.
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