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Abstract 

The binary quadratic equation represented by the positive pellian 3632 22  xy  is analysed for 

its distinct integer solutions. A few interesting relations among the solutions are given. Further, 

employing the solutions of the above hyperbola, we have obtained solutions of other choices of 

hyperbolas, parabolas. 
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Introduction 

The binary quadratic equation of the form 122  Dxy  where D is non-square positive 

integer has been studied by various mathematicians for its non-trivial integer solutions when 

D takes different integral values [1-4]. For an extensive review of various problems, one may 

refer [5-20]. In this communication, yet another interesting hyperbola given by 

3632 22  xy  is considered and infinitely many integer solutions are obtained. A few 

interesting properties among the solutions are presented. 

 

Method of analysis 

The diophantine equation under consideration is 

3632 22  xy                   (1) 

The smallest positive integer solution  00 , yx  of (1) is 

 18,3 00  yx  

To obtain the other solutions of (1), consider the Pell equation 

 132 22  xy                    (2) 

whose smallest positive integer solution is 

 
3~

0 x
, 

17~
0 y

 

The general solution  nn yx ~,~
 of (2) is given by 

  1

32317~32~ 


n

nn xy , where ,...2,1,0n          (3) 

Since irrational roots occur in pairs, we have 

  1

32317~32~ 


n

nn xy
, where ,...2,1,0n          (4) 

From (3) and (4), solving for 
 nn yx ~,~

, we have 

 nnnn gxfy
322

1~,
2

1~   

 

where 

         1111

3231732317,3231732317



nn

n

nn

n gf
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Applying Brahmagupta Lemma between the solutions  00 , yx  and  nn yx ~,~
, the other integer solutions to (1) are given by 

nnn gfx 18323322 1     nnn gfy 323182 1    

 

 A few numerical examples are given in the Table: 1 below 

 
Table 1: Numerical Examples 

 

n  1nx
 1ny

 
-1 3 18 

0 105 594 

1 3567 20178 

2 121173 685458 

 

A few interesting relations among the solutions are given below 

 02268 132   nnn yyy  

 034 123   nnn xxx  

 
0173 121   nnn xxy

 

 
0173 122   nnn xxy

 

 
0175773 123   nnn xxy

 

 
0577102 131   nnn xxy

 

 
06 132   nnn xxy

 

 
09617 121   nnn xyy

 

 
09657717 123   nnn xyy

 

 
0102577 133   nnn xyx

 

 
03264577 131   nnn xyy

 

 
01829568289577 132   nnn xyy

 

 
0577173 231   nnn xxy

 

 
0173 232   nnn xxy

 

 
0173 233   nnn xxy

 

 
09617 212   nnn xyy

 

 
0192 213   nnn xyy

 

 
09617 223   nnn xyy

 

 
09617577 312   nnn xyy

 

 
09617 323   nnn xyy

 

 
03264577 331   nnn xyy

 

 
034 123   nnn yyy

 
 

Each of the following expressions represents a cubical integer:  

 

))118836(3)118836((
108

1
123343   nnnn xxxx

 

 

    133353 33633333633
306

1
  nnnn xxxx

 

 

    123343 11206311206
102

1
  nnnn xyxy

 

 

    133353 1902433190243
1731

1
  nnnn xyxy
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 

    234353 3363993336399
9

1
  nnnn xxxx

 

 

    214333 169931699
51

1
  nnnn xyxy

 

 

    224343 56099356099
3

1
  nnnn xyxy

 

 

    234353 190249931902499
51

1
  nnnn xyxy

 

 

    315333 1633633163363
1731

1
  nnnn xyxy

 

 

    325343 560336335603363
51

1
  nnnn xyxy

 

 

    335353 1902433633190243363
3

1
  nnnn xyxy

 

 

    214333 35335
18

1
  nnnn yyyy

 

 

    315333 118931189
612

1
  nnnn yyyy

 

 

    325343 3511893351189
18

1
  nnnn yyyy

 
 

Each of the following expressions represents a bi-quadratic integer:  

 

    2162161188364118836
108

1
22324454   nnnn xxxx

 

 

    61261233633433633
306

1
22424464   nnnn xxxx

 

 

    20420411206411206
102

1
22324454   nnnn xyxy

 

 

    346234621902434190243
1731

1
22424464   nnnn xyxy

 

 

    18183363994336399
9

1
32425464   nnnn xxxx

 

 

    102102169941699
51

1
32225444   nnnn xyxy

 

 

    6656099456099
3

1
32325454   nnnn xyxy

 

 

    102102190249941902499
51

1
32425464   nnnn xyxy

 

 

    346234621633634163363
1731

1
42226444   nnnn xyxy

 

 

    102102560336345603363
51

1
42326454   nnnn xyxy

 

 

    661902433634190243363
3

1
42426464   nnnn yyxy

 

 

    363635435
18

1
32225444   nnnn yyyy

 

 

    12241224118941189
612

1
42226444   nnnn yyyy
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 

    36363511894351189
18

1
42326454   nnnn yyyy

 
 

Each of the following expressions represents a Nasty Number 

 

 216118836
18

1
2232   nn xx

 

 

 61233633
51

1
2242   nn xx

 

 

 20411206
17

1
2232   nn xy

 

 

 3462190243
577

2
2242   nn xy

 

 

 18336399
3

2
3242   nn xx

 

 

 1021699
17

2
3222   nn xy

 

 
 6560992 3232   nn xy

 

 

 1021902499
17

2
3242   nn xy

 

 

 3462163363
577

2
4222   nn xy

 

 

 1025603363
17

2
4232   nn xy

 

 
 61902433632 4242   nn xy

  

 

 3635
3

1
3222   nn yy

  

 

 12241189
102

1
4222   nn yy

 

 

 36351189
3

1
4232   nn yy

 
 

Remarkable observations 

(i) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbolas which are presented in Table: 2 below: 

 
Table 2: Hyperbolas 

 

S. No Hyperbolas  nn YX ,
 

1 149299232
22
 nn XY

 
    1221 118836,1926720   nnnn xxxx

 
 

2 1198540832
22
 nn XY

 
    1331 33633,1619024   nnnn xxxx

 
 

3 133171232
22
 nn XY

 
    1221 11206,326336   nnnn xyyx

 
 

4 38353420832
22
 nn XY

 
    1331 190243,16107616   nnnn xyyx

 
 

5 1036832
22
 nn XY

 
    2332 336399,56019024   nnnn xxxx

 
 

6 33292832
22
 nn XY

 
    2112 1699,56096   nnnn xyyx

 
 

7 115232
22
 nn XY

 
    2222 56099,5603168   nnnn xyyx

 
 

8 33292832
22
 nn XY

 
    2332 1902499,560107616   nnnn xyyx

 
 

9 38353420832
22
 nn XY

 
    3113 163363,1902496   nnnn xyyx
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10 33292832
22
 nn XY

 
    3223 5603363,190243168   nnnn xyyx

 
 

11 115232
22
 nn XY

 
    3333 190243363,19024107616   nnnn xyyx

 
 

12 4147232
22
 nn XY

 
    2112 35,1986   nnnn yyyy

 
 

13 4794163232
22
 nn XY

 
    3113 1189,67266   nnnn yyyy

 
 

14 4147232
22
 nn XY

 
   3223 351189,6726198   nnnn yyyy

 

  

 (ii) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

parabolas which are presented in Table: 3 below: 

 
Table 3: Parabolas 

 

S. No Parabolas  nn YX ,
 

1 14929923456
2
 nn XY

 
    216118836,1926720 223221   nnnn xxxx

 

2 119854089792
2
 nn XY

 
    61233633,1619024 224231   nnnn xxxx

 

3 13317123264
2
 nn XY

 
    20411206,326336 223221   nnnn xyyx

 

4 38353420855392
2
 nn XY

 
    3462190243,16107616 224231   nnnn xyyx

 

5 10368288
2
 nn XY

 
    18336399,56019024 324232   nnnn xxxx

 

6 3329281632
2
 nn XY

 
    1021699,56096 322212   nnnn xyyx

 

7 115296
2
 nn XY

 
    656099,5603168 323222   nnnn yyyx

 

8 3329281632
2
 nn XY

 
    1021902499,560107616 324232   nnnn xyyx

 

9 38353420855392
2
 nn XY

 
    3462163363,1902496 422213   nnnn xyyx

 

10 3329281632
2
 nn XY

 
    1025603363,190243168 423223   nnnn xyyx

 

11 115296
2
 nn XY

 
    6190243363,19024107616 424233   nnnn xyyx

 

12 41472576
2
 nn XY

 
    3635,1986 322212   nnnn yyyy

 

13 4794163219584
2
 nn XY

 
    12241189,67266 422213   nnnn yyyy

 

14 41472576
2
 nn XY

 
    36351189,6726198 423223   nnnn yyyy

 

 

Conclusion 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell equation

3632 22  xy . As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of 

pell equations and determine their integer solutions along with suitable properties. 
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